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Abstract
A Ba¨cklund transformation(BT) and a recurrence formula are de-
rived by the homogeneous balance(HB) method. A initial problem
of Burgers equations is reduced to a initial problem of heat equation
by the BT, the initial problem of heat equation is resolved by the
Fourier transformation method, substituting various solutions of the
initial problem of the heat equation will yield solutions of the initial
problem of the Burgers equations.
1 Introduction
The HB method is used to find solitary wave solutions and other kinds
of exact solutions of nonlinear partial differential equations (PDEs)[1,2], in
this paper, the HB method is used first time with the help of the Fourier
transformation method to solve some initial problems of Burgers equations
which have been widely used in physical system.
This paper falls into 3 parts. In section 2, by the HB method we ob-
tain a general BT3,4 which shows both the connection between solutions of
Burgers equations itself and connection between solutions of Burgers and
heat equations, its special case is Cole–Hopf transformation and especially
∗ Supported by the Special Funds for Major State Basic Research Projects , G 1999,
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through the BT a recurrence formula is generated for solutions of Burgers
equations as
uN+1 =
uNx + vNx
uN + vN
+ uN ,
vN+1 =
uNy + vNy
uN + vN
+ vN .
A reasonable initial problem of the Burgers equations is put out and re-
duced to a initial problem of the heat equation which is solved by Fourier
transformation method in Sec.3. The solution of the initial problem of the
heat equation with the aid of the Burgers yields the solution of the initial
problem of the Burgers.
2 Burgers Equations
ut = uxx + uyy + 2uux + 2vuy,
vt = vxx + vyy + 2uvx + 2vvy.
(1)
This is the famous Burgers equations which have got much attention in
recent years. In Ref.[7,8,9], high dimensional and high degree Burgers equa-
tions are studied, and a pair of exact solution of Burgers equations(1) is
obtained in Ref.[4]. In this section we will present some BTs of Burgers
equations(1) through the HB method.
According to the idea of HB method, we seek for its solution of the
form:
u =
∂f(ϕ)
∂x
+ u0 = f
′(ϕ)ϕx + u0,
v =
∂g(ϕ)
∂y
+ v0 = g
′(ϕ)ϕy + v0,
(2)
here f = f(ϕ) and g = g(ϕ) which are functions of single variable, and
ϕ = ϕ(x, y, t) are all to be determined later. (u0, v0) are a pair of solutions
of (1). By (2), it is easy to deduce that
ut = f
′′ϕxϕt + f
′ϕxt + u0t,
uxx = f
′′′ϕ3x + 3f
′′ϕxϕxx + f
′ϕxxx + u0xx,
uyy = f
′′′ϕxϕ
2
y + 2f
′′ϕxyϕy + f
′′ϕxϕyy + f
′ϕxyy + u0yy,
2uux = 2f
′f ′′ϕ3x + 2f
′2ϕxϕxx + 2f
′′ϕ2xu0 + 2f
′ϕxxu0 + 2f
′ϕxu0x + 2u0u0x,
2vuy = 2g
′f ′′ϕxϕ
2
y + 2g
′f ′ϕyϕxy + 2f
′′ϕxϕyv0 + 2f
′ϕxyv0 + 2g
′ϕyu0y + 2vu0y,
(3)
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vt = g
′′ϕyϕt + g
′ϕyt + v0t,
vxx = g
′′′ϕyϕ
2
x + 2g
′′ϕxϕxy + g
′′ϕyϕxx + g
′ϕyxx + v0xx,
vyy = g
′′′ϕ3y + 3g
′′ϕyϕyy + g
′ϕyyy + v0yy,
2uvy = 2f
′g′′ϕ2xϕy + 2f
′g′ϕxϕxy + 2g
′′ϕxϕyu0 + 2g
′ϕxyu0 + 2f
′ϕxv0x + 2u0v0x,
2vvy = 2g
′g′′ϕ3y + 2g
′2ϕyϕyy + 2g
′′ϕ2yv0 + 2g
′ϕyyv0 + 2g
′ϕyv0y + 2v0v0y,
(4)
substituting (3) and (4) into (1), first setting the coefficients of ϕ3x and ϕ
3
y
to zero, we obtain ODEs
f ′′′ + 2f ′f ′′ = 0,
g′′′ + 2g′g′′ = 0,
(5)
which have solutions f = g = lnϕ, thereby it holds that
f ′′′ + 2g′f ′′ = 0, g′′′ + 2f ′g′′ = 0,
f ′′ + f ′2 = 0, g′′ + g′2 = 0,
(6)
by using (3)–(6), we obtain the expressions:
ut − uxx − uyy − 2uux − 2vuy
= f ′′(ϕxϕt − ϕxϕxx − ϕxϕyy − 2ϕxϕyv0 − 2ϕ
2
xu0)
+ f ′(ϕxt − ϕxxx − ϕxyy − 2ϕxxu0 − 2ϕxu0x − 2ϕxyv0 − 2ϕyu0y),
(7)
vt − vxx − vyy − 2uvx − 2vvy
= f ′′(ϕyϕt − ϕyϕyy − ϕyϕxx − 2ϕxϕyu0 − 2ϕ
2
yv0)
+ f ′(ϕyt − ϕyxx − ϕyyy − 2ϕxyu0 − 2ϕxv0x − 2ϕyv0y − 2ϕyyv0),
(8)
It is easy to see that (2) are solutions of (1), provide that the right hand
sides of (7) and (8) to be zero, hence set
ϕt − ϕxx − ϕyy − 2ϕxu0 − 2ϕyv0 = 0, (9)
ϕxt − ϕxxx − ϕxyy − 2ϕxxu0 − 2ϕxu0x − 2ϕxyv0 − 2ϕyu0y = 0, (10)
ϕyt − ϕyxx − ϕyyy − 2ϕyyv0 − 2ϕyv0y − 2ϕxyu0 − 2ϕxv0x = 0, (11)
then the right hand sides of (7) and (8) respectively vanish. In fact (10) and
(11) can be reduced into
(ϕt − ϕxx − ϕyy − 2ϕxu0 − 2ϕyv0)x + 2ϕyv0x − 2ϕyu0y = 0, (12)
(ϕt − ϕxx − ϕyy − 2ϕxu0 − 2ϕyv0)y + 2ϕxu0y − 2ϕxv0x = 0, (13)
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thereby, (9)–(11) equal that
ϕt − ϕxx − ϕyy − 2ϕxu0 − 2ϕyv0 = 0,
u0y − v0x = 0,
(14)
here ϕ2x + ϕ
2
y 6= 0. Substituting f = g = lnϕ into(2), we obtain BT of
Burgers equations (1)
u =
ϕx
ϕ
+ u0, (15)
v =
ϕy
ϕ
+ v0, (16)
ϕt − ϕxx − ϕyy − 2ϕxu0 − 2ϕyv0, (17)
u0y − v0x = 0, (18)
namely, (u0, v0) is a pair of solutions of Burgers equations(1), and u0y = v0x
therefore (2) is another pair of solutions of (1) only if ϕ = ϕ(x, y, t) satisfies
linear equation(9). Now set ϕ = u0 + v0, (9) is automatically satisfied,
additionally, if u0y = v0x exists in the first pair of solutions (u0, v0), the new
solutions (u, v) according to the BT have to satisfy uy = vx, the circular use
of this BT yields the recurrence formula of Burgers equations (1) as
uN+1 =
uNx + vNx
uN + vN
+ uN ,
vN+1 =
uNy + vNy
uN + vN
+ vN .
(19)
Here N = 0, 1, 2, · · ·, with v0x = u0y.
In addition, if we take initial solution of Burgers equations (1) as u0 =
v0 = 0 (the trivial solutions of Burgers equations (1)), BT (15)–(18) respec-
tively reduce to
u =
ϕx
ϕ
, v =
ϕy
ϕ
,
ϕt − ϕxx − ϕyy = 0,
(20)
which is usually called Cole–Hopf transformation.
3 Fourier Transformation
Provided the initial value problem of Burgers equations in what follows
ut = uxx + uyy + 2uux + 2vuy , (21)
vt = vxx + vyy + 2uvx + 2vvy, (22)
u |t=t0 = s(x, y), v |t=t0 = k(x, y) (23)
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where s(x, y), k(x, y) → 0 when |x|, |y| → 0.
By using the former result, we can take its solution to be as
u =
ϕx
ϕ
+ u0, v =
ϕy
ϕ
+ v0, (24)
here (u0, v0) are constant solutions of(21)–(22) and ϕ satisfies
ϕt − ϕxx − ϕyy − 2u0ϕx − 2v0ϕy = 0 (25)
then (21)–(23) can be rewritten into the initial value problem of the following
form
ϕt − ϕxx − ϕyy − 2u0ϕx − 2v0ϕy = 0,
ϕ |t=t0 = f(x, y),
(26)
which
f(x, y) = e
∫ x
x0
s1(x,y0)dx+
∫ y
y0
k1(x,y)dy (27)
(x0, y0) are arbitrary constants, s1(x, y) = s(x, y)−u0, k1(x, y) = k(x, y)−v0.
Then if u0, v0 are arbitrary constant solutions of equations (1), by using of
Fourier transformation, we obtain solutions of (26)–(27).
Now introduce the Fourier transformation simply. If f(x, y, t) is a func-
tion, f̂(c1, c2, t) is used to denote its Fourier transformation as follow:
f̂(c1, c2, t) = F [f(x, y, t)] =
1
2pi
∫ ∞
−∞
∫ ∞
−∞
f(x, y, t)e−ic1x−ic2ydxdy (28)
and
f(x, y, t) = F−1[f̂(c1, c2, t)] =
1
2pi
∫ ∞
−∞
∫ ∞
−∞
f̂(c1, c2, t)e
ic1x+ic2ydc1dc2 (29)
we’d like show its several properties which are used here:
I F [af + by] = aF [f ] + bF [g]
II F [ ∂
m∂nf
∂xm∂yn
] = (ic1)
m(ic2)
nF [f ]
III F [f(x− a, y − b, t)] = e−ic1a−ic2bF [f(x, y, t)]
IV F [f(ax, by, t)] = 1|ab| f̂(
c1
a
, c2
b
, t)
V if (f ∗ g)(x, y, t) =
∫∞
−∞
∫∞
−∞ f(x− z1, y − z2, t)g(z1, z2, t)dz1dz2, then
F−1[f̂ ĝ] =
1
2pi
f ∗ g
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here, a and b are arbitrary constants, m and n are arbitrary integers. In
order to deal with the problem (26), the Fourier transformation is done for
them, it is reduced to a order differential problem as following:
dϕ̂
dt
+ c21ϕ̂+ c
2
2ϕ̂− 2iu0c1ϕ̂− 2v0c2ϕ̂ = 0,
ϕ̂ |t=t0 = f̂(x, y),
(30)
which admits solutions as
ϕ̂(c1, c2, t) = f̂(c1, c2, t)e
−(c21+c
2
2−2iu0c1−2iv0c2)(t−t0) (31)
set ĝ = e−(c
2
1+c
2
2−2iu0c1−2iv0c2)(t−t0) such that
g(x, y, t) = F−1[ĝ(c1, c2, t)] =
1
2(t− t0)
e
−
(x−2u0)
2+(y−2v0)
2
4(t−t0) (32)
so the solution of (26) is gained
ϕ(x, y, t) = F−1[f̂ ĝ] =
1
4pi(t− t0)
∫ ∞
−∞
∫ ∞
−∞
e
∫ x−z1
x0
s1(τ1,y0)dτ1+
∫ y−z2
y0
k1(x−z1,τ2)dτ2 .
e
−
(z1−2iu0)
2+(z2−2iv0)
2
4(t−t0) dz1dz2, (33)
hence u = ϕx
ϕ
+ u0 , v =
ϕy
ϕ
+ v0 which are solutions of (21)–(23) also can
be got, detail discussion does not present here.
References
[1] M. L. Wang, Yubin Zhou and Zhibin Li, Applications of a homogeneous
balance method to exact solutions of nonlinear equations in mathemat-
ical physics, Physics Letters A 216(1996), 67-75.
[2] M. L. Wang and Z. B. Li, Applications of Quasi-solution Technique
to the Exact Solutions of Some Nonlinear Partial Differential Equa-
tions,Proceedings of the 1994 Beijing Symposium on Nonlinear Evolu-
tion Equations and Infinite Dimensional Dynamical Systems., Zhong-
shan University Press (1995).
[3] C. Rogers and W. F. Shodwich, Ba¨cklund transformations and their
applications, Academic Press, Inc, New York, 1982.
6
[4] Lamb G. L. Jr, Ba¨cklund transformation for certain nonlinear evolution
equations, J.Math phys, 15(1974), 2157-2165.
[5] Airy. G. B., Trans. Cambridge Philos. Soc., 6(1838), 379-402
[6] Landaus. L. D., and Lifshitz. E. M., the classical theory of fields,
Addison-Wesley, 1951.
[7] K-M. Tamizhmani and Punithavathi, Similarity and Painleve property
of the coupled higher dimensional Burgers equations, Int.nonlinear me-
chanics 3 4(1991)429-438.
[8] Y.Murakami, J. Phys. Soc. Japan, 59(1990), 1.
[9] M. L. Wang, Acta Mathematica Scientia 6(1986), 335.
[10] M. Boiti, J. J. P. Leon, M. Manna, and F.Pempinelli, Inv. Problems 2,
271(1986).
[11] R. Radha and e, J. Math Phys, 35(1994), 4764.
[12] K. W. Chow, J. Phys. Soc. Jun, 65(1996), 1971.
7
